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Abstract

The relationship between the pressurep and the projection functionφ employed in the numerical computation of visco
incompressible flow using the fractional-step method is discussed. To leading order, the differencep − φ is proportional to
the divergence of the intermediate velocity,u∗, computed by integrating the equation of motion in the absence of the pre
gradient. Previous authors have shown that the intermediate rate of expansion,α∗ ≡ ∇ · u∗ is supported by numerical boundar
layers of thicknessδ � (ν�t)1/2, where�t is the time step andν is the kinematic viscosity. We demonstrate that, in
absence of singularities due to discontinuous boundary velocity, the magnitude ofα∗ changes by an amount of orderδ across
the boundary layers and of higher order in the bulk of the flow, and argue that adding a computable correction to the p
function allows us to recover the pressure with temporal accuracy whose order matches that of the method used fo
out the convection–diffusion step. When the boundary velocity is discontinuous, the normal derivative of the pressure
strong singularities, and the computation of the pressure using finite-difference methods on non-staggered grids i
sensitive to the numerical implementation. In contrast, in spite of the singular behavior of the intermediate rate of ex
the solution of the Poisson equation for the projection function subject to the homogeneous Neumann boundary co
less sensitive to the numerical method. Computing the projection function thus emerges as a preferred venue of appr
the pressure on non-staggered grids even under demanding conditions.
 2003 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
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1. Introduction

The equation of motion for a viscous incompressible fluid states that the velocity at a particular point in a flow c
by four contributions: the nonlinear inertial acceleration force, the pressure force, the viscous force, and the body forc
fractional-step method, selected groups of these terms are decoupled and considered to act in a sequential fashion ov
small periods of elapsed time. Chorin’s projection method is based on the idea that the change due to the pressur
may be implemented in terms of an instantaneous projection whose role is to receive the velocity field delivered by
contributions, and remove the non-solenoidal component in a way that is consistent with the boundary conditions
practice, the projection step for a fluid with uniform density is carried out by decomposing the intermediate velocity at
of the convection–diffusion and body-force steps into an irrotational and a solenoidal component, and identifying the la
the physical velocity evaluated at the new time level. Thus, the projection step preserves the vorticity of the intermed
which is consistent with the absence of baroclinic production of vorticity. In the numerical implementation, the irrot
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component is set equal to the gradient of a projection functionφ that is related, but is not identical, to the hydrodynamic
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Numerous variations of the projection method have been developed in the past three decades in the form of (a)

correction or pressure-update methods where the velocity is advanced by the gradient of an approximate extrapolate
and the projection step makes a correction, and (b) pure projection methods where the pressure field is abandoned
in favor of the projection function, as discussed in the previous paragraph (e.g., [3–9]). However, Chorin’s conce
instantaneous projection into the space of solenoidal vector functions is a key idea in all implementations. Des
voluminous relevant literature, the relation between the projection function and the physical pressure has received o
attention and remains controversial and unclear (e.g., [10,3,11–14]).

In comparing the projection function with the pressure, we observe that the former satisfies boundary conditions
determined by the choice of boundary conditions for the intermediate velocity at the end of the convection–diffusion an
force steps (e.g., [4,5]), whereas the pressure satisfies unambiguous boundary conditions arising by projecting the e
motion normal to the boundaries and simplifying the resulting expressions using the specified physical boundary c
(e.g., [15]). In particular, pure projection methods typically require that the intermediate velocity satisfies the non-pen
boundary condition; accordingly, the projection function obeys the homogeneous Neumann boundary condition. Alth
difference between the Neumann boundary conditions satisfied by the projection function and the pressure is typically
unity, the difference of the functions themselves,p−φ, evaluated at appropriate time levels, is proportional to the divergen
the intermediate velocity, which changes by an amount of orderδ � (ν�t)1/2 across numerical boundary layers of compara
thickness [16,17,13]. The existence of intermediate numerical boundary layers for the rate of expansion was first po
by Orszag et al. [18] in the context of the pressure Poisson equation. In Section 2 of this paper, we shall show that,
the boundaries, the differencep − φ decays to zero in the case of unforced Stokes flow, and is of first or second order�t

under more general conditions. Consequently, in the limit as�t tends to zero, the projection function tends to the pressu
the vicinity, as well as far from the boundaries.

Several authors have expressed the opinion that, because of the splitting of the convection–diffusion and project
projection methods are inherently first-order accurate in time for the pressure, although they can readily be des
be second-order accurate for the velocity. For example, a second-order method for the velocity arises by carryin
convection–diffusion step using a second-order method that involves Adams–Bashforth and Crank–Nicolson discr
respectively, for the convective and diffusive contributions. Lee et al. [19] review a class of second-order methods
velocity developed in the framework of block factorization. Recently, it was pointed out that the accuracy of the pressur
improved by settingp = φ − χ , wherep andφ are evaluated at appropriate time levels, and the leading-order contribut
the computable correction,χ , is proportional to the intermediate rate of expansion [14]. In particular, if the numerical m
used to carry out the convection–diffusion step is of second-order in the time step, then adding the computable correct
the pressure with a commensurate second-order accuracy. In this paper, we shall enhance and complete this argume
further point out that failure to satisfy the continuity equation to machine accuracy may introduce an unaccountable s
error.

The preceding discussion applies only when the pressure field is nonsingular throughout the domain of flow and
boundaries. Consider the classical problem of flow in a cavity driven by the translation of a rigid lid. An analysis of the flo
the corners where the velocity is discontinuous reveals that the pressure and its normal derivative exhibit strong singu
the extreme case of Stokes flow, the pressure Poisson equation reduces to Laplace’s equation, and the solution is for
point-source dipoles located at the singular points. In Section 4, we shall present numerical results to demonstrate that,
the corner singularities, the projection function is computed reliably using standard finite-difference methods on non-s
grids. In contrast, the computation of the pressure using finite-difference methods on non-staggered grids is notably s
the numerical implementation. This significant difference in performance places the projection function in a superior
and advocates its usage as a convenient venue for approximating the pressure even under demanding conditions.

2. Analysis of a pure projection method

Consider the unsteady flow of an incompressible Newtonian fluid with uniform density and viscosity in a domain
bounded exclusively by surfaces where the no-penetration and no-slip boundary conditions are required. The moti
fluid is governed by the Navier–Stokes equation

ρ
∂u
∂t

= ρN − ∇p +µ∇2u + ρf, (2.1)

and the continuity equation

∇ · u = 0, (2.2)
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where isρ is the fluid density,µ is the fluid viscosity,u is the velocity,p is the pressureN = −u · ∇u the nonlinear part of the
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fluid particle acceleration, andf is the acceleration due to a distributed force field such as gravity (e.g., [15]). The sys
governing equations (2.1) and (2.2) must be accompanied by: (a) an initial condition that specifies the velocity at the in
the flow denoted by� and along the boundariesΓ , u(x, t = 0) ≡ u0, and (b) a boundary condition that specifies the bound
distribution of the velocity at all timesu(x, t)= uB(x, t), wherex lies onΓ .

To develop the projection method, we regard the equation of motion (2.1) as an evolution equation for the veloc
split the operator on the right-hand side into a convection–diffusion component incorporating the body force, and a co
projection component (e.g., [20]). In their pure forms, the constituent equations are

ρ
∂u
∂t

= ρN +µ∇2u + ρf, (2.3)

and

ρ
∂u
∂t

= −∇φ. (2.4)

Eq. (2.3) receives the velocity field at timetn, and advances it over a time interval�t to the intermediate distributionu∗.
Subsequently, Eq. (2.4) receives the intermediate velocity field and advances it over the same time period to the fi
un+1, thereby completing the execution of a step. Because it is not clear that the projection functionφ is equal to the pressurep,
it has been denoted by a different symbol. The key idea of the projection method is thatφ should be computed so that the fin
velocity fieldun+1 is solenoidal, as required by the continuity equation (2.2).

To carry out the first step according to (2.3), we require boundary conditions for the intermediate velocity. A consis
of boundary conditions include the Dirichlet boundary condition for the normal and tangential components of the veloc

u∗ · n = un+1
B · n,

u∗ · t =
(

un+1
B

+ 1

ρ

tn+�t∫
tn

∇φ dt

)
· t, (2.5)

wheren and t are unit vectors normal and tangent to the boundaryΓ . Correspondingly, the projection function satisfies
homogeneous Neumann condition

n ·
tn+�t∫
tn

∇φ dt = 0. (2.6)

Straightforward substitution demonstrates that (2.5) and (2.6) ensure the required boundary conditionun+1 = un+1
B

at the end
of a complete step. In expressions (2.5) and (2.6), the projection function is regarded as a continuous function of time
interval where Eq. (2.4) applies. In numerical practice, the continuous evolution is replaced by an instantaneous proje

Evolution equations for the rate of expansionα ≡ ∇ · u arise by taking the divergence of (2.3) and (2.4), finding

ρ
∂α

∂t
= ρ∇ · (N + f )+µ∇2α, (2.7)

and

ρ
∂α

∂t
= −∇2φ. (2.8)

The component equation (2.7) receives the presumed vanishing rate of expansion at the time leveltn, and advances it over th
time interval�t to the intermediate distributionα∗. The projection component equation (2.8) then receivesα∗ and advances i
over the same time interval to the final distributionαn+1, which is required to vanish throughout the domain of flow and o
the boundaries.

2.1. Time-discretized equations

The temporal discretization of Eqs. (2.3) and (2.7) according to the generalized Crank–Nicolson method yields t
discrete forms

ρ
u∗ − un

�t
= ρ(N + f )n+γ +µ

[
(1− γ )∇2un + γ∇2u∗] (2.9)
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ρ
α∗ − αn

�t
= ρ

[∇ · (N + f )
]n+γ +µ

[
(1− γ )∇2αn + γ∇2α∗], (2.10)

where the numerical parameterγ varies in(0,1]. The term(N + f )n+γ is assumed to be available with O(�tm) accuracy in
terms of theextrapolated or interpolated velocity of thephysical flow and body force evaluated at timetn + γ�t , wherem= 2
for a second-order method.

Rearranging (2.10), we derive an inhomogeneous Helmholtz equation for the intermediate rate of expansion,

α∗ − γ ν�t∇2α∗ =�t
[∇ · (N + f )

]n+γ +Rn+, (2.11)

whereν ≡ µ/ρ is the kinematic viscosity, andRn+ ≡ αn+(1−γ )ν�t∇2αn. In the temporal semi-discrete formulation presen
considered,R+ vanishes throughout the domain of flow and along the boundaries. In a full time-space discretizatiR+
vanishes to machine accuracy only for a certain class of craftily designed numerical methods [21].

Turning now to the projection step, we replace (2.4) and (2.8) with the time discretized equations

ρ
un+1 − u∗

�t
= −∇φn+1 (2.12)

and

ρ
αn+1 − α∗

�t
= −∇2φn+1. (2.13)

Solving (2.13) forα∗, we obtain

α∗ = αn+1 + �t

ρ
∇2φn+1. (2.14)

Requiring thatαn+1 = 0, we derive a Poisson equation forφn+1,

∇2φn+1 = ρ

�t
α∗, (2.15)

which is to be solved subject to the homogeneous Neumann conditionn · ∇φn+1 = 0 originating from (2.6).
Substituting now the right-hand side of (2.14) forα∗ in (2.11) and rearranging, we find

∇2(φn+1 − γ ν�t∇2φn+1)= ρ
[∇ · (N + f )

]n+γ − ρ

�t

(
Rn+1− −Rn+

)
. (2.16)

The residualRn+1− ≡ αn+1 − γ ν�t∇2αn+1 vanishes precisely in the space-continuous formulation presently considere
approximately in a discrete spatial implementation.

2.2. Relationship between the projection function and the pressure

To deduce the relation between the projection function and the pressure, we take the divergence of the eq
motion (2.1) and enforce the incompressibility condition (2.2) to derive the pressure Poisson equation. Applying this
at timetn+γ , we obtain

∇2pn+γ = ρ
[∇ · (N + f )

]n+γ
E , (2.17)

where the subscriptE denotes the exact value. Subtracting (2.16) from (2.17) and rearranging, we find

∇2(pn+γ − φn+1 + γ ν�t∇2φn+1)+ ρ
[[∇ · (N + f )

]n+γ − [∇ · (N + f )
]n+γ
E

]
= ρ

�t

(
Rn+1− −Rn+

)= ρ

(
αn+1 − αn

�t
− ν

[
(1− γ )∇2αn + γ∇2αn+1]). (2.18)

By definition, the expression enclosed by the square brackets on the left-hand side is of O(�tm).
In the space-continuous formulation,αn = 0 andαn+1 = 0, the right-hand side of (2.18) vanishes, and the expres

enclosed by the first set of parentheses on the left-hand side of (2.18) is a harmonic function up to O(�tm), denoted byχ .
Rearranging, we find

pn+γ = φn+1 − γ ν�t∇2φn+1 + χ + O
(
�tm

)= φn+1 − γµα∗ + χ + O
(
�tm

)
. (2.19)
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Neumann boundary conditions forχ arise by projecting the gradient of (2.19) normal to the boundaries of the flow. Using the
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equation of motion (2.1) and the homogeneous Neumann boundary condition forφ , we find

n · ∇χ = n ·
[
−ρ

(
∂uB
∂t

)n+γ

+ ρ(N + f )n+γ
E

+µ
(∇2u

)n+γ
E

+ γ ν�t∇(∇2φn+1)]+ O
(
�tm

)
. (2.20)

Next, we substitute the approximation(∇2un+γ
)
E

= (1− γ )∇2un + γ∇2un+1 + O
(
�tl

)
(2.21)

into the right-hand side of (2.20), wherel is the temporal order of the physical velocity. Using (2.9) and the Laplacian of (2
to eliminate the Laplacian of the velocity, we finally find

n · ∇χ = ρn ·
[

u∗ − un

�t
−
(
∂uB
∂t

)n+γ

+ O
(
�tl

)+ O
(
�tm

)]
. (2.22)

In view of the first of the boundary conditions (2.5), the right-hand side of (2.22) vanishes up to order�tm + �tl , and the
harmonic functionχ is constant within this precision. Eq. (2.19) then yields

pn+γ = φn+1 − γ ν�t∇2φn+1 + O
(
�tl

)+ O
(
�tm

)= φn+1 − γµα∗ + O
(
�tl

)+ O
(
�tm

)
. (2.23)

In the case of the Crank–Nicolson discretization corresponding toγ = 1/2 andl = 2, and an interpolation or extrapolatio
method for the nonlinear term corresponding tom= 2, we obtain

pn+ 1
2 = φn+1 − 1

2
ν�t∇2φn+1 + O

(
�t2

)= φn+1 − 1

2
µα∗ + O

(
�t2

)
, (2.24)

in agreement with the results of previous authors [14,10].
Relation (2.23) can be inferred directly by using (2.12) to eliminate the intermediate velocity from (2.9), obtaining

ρ
un+1 − un

�t
= ρ(N + f )n+γ − ∇(φn+1 − γµα∗)+µ

[
(1− γ )∇2un + γ∇2un+1]. (2.25)

Comparing this expression with the equation of motion discretized according to the generalized Crank–Nicolson metho
that second order temporal accuracy for the velocity is achieved whenγ = 1/2, the pressure is evaluated according to (2.24),
the nonlinear term is evaluated with second order accuracy by extrapolation or interpolation [14,10]. The preceding d
based on the Poisson equation, however, ensures that the replacing the continuity equation with Poisson’s equati
and (2.17) preserves the equivalence.

2.3. Boundary layers of the intermediate rate of expansion

Consider the case of unsteady Stokes flow occurring in the absence of a distributed body force. In the space-c
formulation, (2.11) reduces to the homogeneous equation

α∗ − γ ν�t∇2α∗ = 0. (2.26)

Balancing the magnitude of the first two terms on the left-hand side, we find that the intermediate rate of expansiα∗ is
supported by boundary layers of thicknessδ � (γ ν�t)1/2. As γ tends to zero yielding an explicit discretization, the thickn
of the boundary layer vanishes and the numerical method fails. According to (2.23), the normal derivative ofα∗ at the boundary
must be comparable to the normal derivative of the pressure, and this requires that, inside the boundary layer,α∗ is of orderδ.
Correspondingly, the second term on the right-hand side of (2.23) makes a leading-order contribution of orderδ inside the
boundary layer, and decays in an exponential fashion outside the boundary layer, in agreement with previous theoretic
[17,3,13]. Under more general conditions of unsteady Navier–Stokes flow and in the presence of a distributed body
right-hand side of (2.11) is significant throughout the domain of flow, andα∗ is of order�t in the interior of the flow and varie
by an amount of order�t1/2 across the boundary layers.

In the fully-discrete time-space implementation, the right-hand side of (2.18) does not generally vanish to machine a
and is of order�t ×hm, where the exponentm depends on the spatial discretization. Accordingly, the right-hand sides of (
and (2.24) are enhanced with corrections that may lower the nominal order of the numerical method.
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3. Numerical methods
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To confirm the theoretical predictions and investigate the significance of boundary singularities, we consid
dimensional flow in a rectangular cavity of sizeLx ×Ly , as illustrated in Fig. 1, subject to a prescribed tangential lid velo

ulid
x (x, t)=Uf (t)g(x), (3.1)

whereU is the maximum lid velocity, 0� x � Lx , and 0� y � Ly . The dimensionless functionsf (t) andg(x) determine,
respectively, the temporal behavior and spatial distribution of the lid velocity. The Reynolds number is defined asRe =ULx/ν.

Two types of motion are considered: flow due to impulsive lid translation corresponding tof (t) = H(t), whereH(t) is
the Heaviside step function, and flow due to ramped lid translation corresponding tof (t) = 1 − exp(−tν/(τL2

y)), whereτ
is a dimensionless time constant expressing the duration of the start-up period; in the numerical simulations, we seτ = 0.1.
Three choices for the dimensionless functiong(x) are considered: the constant functiong(x) = 1, the sinusoidal function
g(x) = 1

2[1 − cos(2πx̂)], and the quadratic functiong(x) = 16x̂2(1 − x̂)2, wherex̂ ≡ x/Lx . The third choice was employe
by several previous authors [22,6,23]. The sinusoidal and quadratic functions prevent a velocity discontinuity from occ
the upper corners of the cavity, and thereby allow for well-behaving numerical solutions.

The equation of motion was integrated in time using a finite-difference method implemented on a uniform non-st
grid of sizeNx ×Ny . In the fractional-step implementation, the convection–diffusion component equation (2.3) is split
into a convection–diffusion equation for thex direction and a convection–diffusion equation for they direction (e.g., [24]),

ρ

(
∂u
∂t

+ ux
∂u
∂x

)
= µ

∂2u

∂x2
, ρ

(
∂u
∂t

+ uy
∂u
∂y

)
=µ

∂2u

∂y2
. (3.2)

All spatial derivatives are approximated with second-order central differences with spacing�x = Lx/Nx and�y = Ly/Ny ,
and time advancement is carried out by the fully-implicit Crank–Nicolson method, where the convection velocity mult
the spatial derivatives on the left-hand sides of (3.2) is set equal to the solenoidal field at the beginning of the curr
The decomposition (3.2) is motivated by the fact that carrying out the individualx andy convection–diffusion steps require
solving systems of tridiagonal equations, which can be done efficiently using the Thomas algorithm. The projection
implemented as shown in (2.12), and the projection function was computed by solving the Poisson equation (2.15).

Boundary conditions for the intermediate velocity include the no-penetration condition expressed by the first of Eq
and the slip condition

u∗ · t =
(

un+1
B

+ �t

ρ
∇φn+1

)
· t. (3.3)

Because the second term on the right-hand side of (3.3) is not available during the convection–diffusion steps, it is appr
with the value at the previous step, and the approximation is improved by repeating the convection–diffusion steps
projection step has been completed. Previous authors have shown that only one iteration is necessary to satisfy t

(a) (b)

Fig. 1. Instantaneous velocity vector field of flow in a rectangular cavity with ramped sinusoidal lid velocity distribution for (a)Re = 1, and
(b) 100, computed on a 32× 16 grid. The label above each frame is the dimensionless timet̂ ≡ Ut/Lx since the beginning of the motion.
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boundary condition to second order in the time step [14]. Consistent with this result, we found only a few iterations are necessary
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for the magnitude of the slip velocity normalized byU to be reduced to 10 .
Now, because of the splitting of thex andy convection–diffusion steps and the fact that the convection velocity as w

the boundary velocity are held constant during each fractional step, the method is generally first-order accurate in�t . However,
when the boundary velocity is time independent and the Reynolds number is sufficiently small so that the nonlinear ine
is negligible compared to the rest of the terms in the equation of motion, the method is of second order in time, corres
to γ = 1/2. To see this, we consider the Crank–Nicolson discretized forms of (3.2),

u′ − 1

2
ν�t

∂2u′
∂x2

= un + 1

2
ν�t

∂2un

∂x2
, u∗ − 1

2
ν�t

∂2u∗
∂y2

= u′ + 1

2
ν�t

∂2u′
∂y2

, (3.4)

where a prime denotes the first intermediate velocity. Eliminating the first intermediate velocity yields

u∗ − 1

2
ν�t∇2u∗ = un + 1

2
ν�t∇2un + 1

4
(ν�t)2

∂4(u∗ − un)

∂x2∂y2
. (3.5)

We note that the last fraction on the right-hand side is of order�t , and recognize (3.5) as the approximate Crank–Nico
factorization of (2.3) with the nonlinear inertia and body force term absent.

The Poisson equation for the projection function, Eq. (2.15), subject to the homogeneous Neumann boundary
n · ∇φn+1 = 0 originating from (2.6) was solved by Gauss–Seidel or SOR iterations implemented in two ways. In t
implementation, the Poisson equation is enforced at all interior and boundary finite-difference nodes, and phanto
are introduced to discretize the Neumann boundary condition using centered differences. The boundary distributi
intermediate rate of expansion is computed by second-order one-sided differences. In the second implementation, th
equation is enforced only at the interior nodes, and the Neumann boundary condition is implemented by one-sided
order differences. In this case, the boundary distribution of the intermediate rate of expansionα∗ is not required. The secon
version of the numerical method fails to capture with adequate resolution numerical boundary layers for the intermed
of expansion, and is somewhat inferior to the first choice, especially in the case of impulsively started motion.

The Gauss–Seidel and SOR iterations converge only when the solvability condition for the discrete Poisson–N
problem originating from the compatibility condition is fulfilled [25]. To ensure the satisfaction of this condition, the
of the projection function at the grid point located in the middle of the cavity is reset to the reference value of zero
complete update. Doing this effectively adds a small homogeneous term to the source of the Poisson equation, thus
the boundary integrated outward flux.

The pressure Poisson equation subject to the Neumann boundary condition,

n · ∇p = µn · ∇2u, (3.6)

was solved by similar methods. In particular, the left-hand side was approximated with central differences in
implementation, and with second-order one-sided differences in the second implementation. Several methods of e
the right-hand side of (3.6) in terms of the discrete instantaneous velocity were implemented. Using the continuity equ
derive the following finite-difference approximation at the lid grid points,

∂p

∂y
= µ

∂2uy

∂y2
� 4µ

�y2

[
v2 − 1

8
v3 − 3

4
�y

(
∂ux

∂x

)
x,Ly

]
, (3.7)

wherev2 ≡ uy(x,Ly −�y) andv3 ≡ uy(x,Ly − 2�y). In the case of a rigid lid that translates with uniform velocity, the
term on the right-hand sides of (3.7) is absent. Alternative expressions based on first- and second-order backward
approximations are

∂p

∂y
� µ

�y2
(−2v2 + v3),

∂p

∂y
� µ

�y2
(−5v2 + 4v3 − v4), (3.8)

wherev4 ≡ uy(x,Ly −3�y). Similar expressions can be derived for the left, right, and bottom wall. Numerical experimen
has shown that the computed pressure field is sensitive to the implementation of the pressure Neumann boundary
especially at low Reynolds numbers where the pressure field is nearly harmonic. Best agreement between the compute
and the projection function was achieved with the finite-difference formula (3.7). All results presented in the next secti
obtained using this choice.

The FORTRAN codes are available from the internet site http://stokes.ucsd.edu/pozrikidis/FDLIB/11_fdm/cvt_pm.
grated graphics code that performs interactive animation on X11 systems based on thevogle library is available from the interne
site http://stokes.ucsd.edu/pozrikidis/CFDLAB/11_fdm/cvt_pm.
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4. Numerical results
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As a benchmark, we consider flow in a rectangular cavity with depth to length ratioLy/Lx = 0.50, subject to sinusoida
lid velocity distribution and ramped up motion, as discussed in Section 3. Fig. 1 shows the nearly steady instantaneou
vector field at Reynolds numberRe = 1 and 100, computed on a 32× 16 grid. The simulations were conducted using
first implementation of the numerical method discussed in Section 3, where Poisson’s equation for the projection fu
enforced at the interior as well as boundary nodes.

Our first goal is to confirm that the intermediate rate of expansionα∗ exhibits the boundary-layer behavior discussed
Section 2. Fig. 2(a) shows the distribution ofα∗ nondimensionalized byU/Lx over the moving lid forRe = 1 near the stead
state, computed with: (i) grid sizeNx = 16, Ny = 8, and dimensionless time step�t̂ = 0.00390625 (circles), (ii)Nx = 32,
Ny = 16, �t̂ = 0.000976562 (squares), and (iii)Nx = 64, Ny = 32, �t̂ = 0.00024414 (diamonds). The most accur
computation with the finest grid up to dimensionless timet̂ = 0.50 requires 8 hours of CPU time on an INTEL 1.8 GHz proces
running Linux. The results reveal that, as the time step is reduced by a factor of 4, the amplitude of the boundary dis
of α∗ decreases by a factor of 2, in agreement with the theoretical predictions. In all three cases displayed in Fig. 2(a)
step was selected so that the ratio of the numerical boundary-layer thickness to the grid spacing isδ/�x � (ν�t)1/2/�x = 1.0.
Consequently, the boundary layer is expected to extend roughly over one grid point away from each side. Fig. 2(b)

(a) (b)

(c) (d)

Fig. 2. Flow in a rectangular cavity with sinusoidal lid velocity distribution atRe = 1. (a) Distribution of the intermediate rate of expans
along the lid computed on a 16× 8 (circles), 32× 16 (squares), and 64× 32 (diamonds) grid, with the time step adjusted so that the boun
layer thickness is equal to one grid spacing. (b) Distribution of the intermediate rate of expansion over the domain flow computed on th×32
grid, showing the boundary-layer behavior. (c) and (d) Same as (b), except that the time step is, respectively, 4 and 16 times as large
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Fig. 3. Steady flow in a rectangular cavity with a sinusoidal lid velocity distribution atRe = 1. Distribution of the projection function (soli
lines), and pressure (dotted lines) at the (a) horizontal, and (b) vertical mid-plane. The circles, squares, and diamonds correspond, r,
to 16× 8, 32× 16, and 64× 32 grid. (c) and (d) Distribution of the projection function and pressure.

(a) (b)

Fig. 4. Distribution of the intermediate rate of expansion near the steady state for flow in a rectangular cavity with sinusoidal lid
distribution at (a)Re = 100, and (b) 500.

three-dimensional graph of the distribution of the intermediate rate of expansion over the domain of flow compute
64× 32 grid, confirming this theoretical prediction. Further support for the theoretical scaling is provided in the graphs
in Fig. 2(c) and (d), which duplicate the graph shown in Fig. 2(b) except that the time step is, respectively, 4 and 16
large. As the time step is increased by a factor of 4 while the grid size is kept constant, the thickness of the numerical
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Fig. 5. Steady flow in a rectangular cavity with a sinusoidal lid velocity distribution atRe = 1. Distribution of the projection function (soli
lines), and pressure (dotted lines) at the (a) horizontal, and (b) and (c) vertical mid-plane. The circles, squares, diamonds, and crossesd,
respectively, to computations performed on a 16× 8, 32× 16, 64× 32, and 128× 64 grid. (d) and (e) Distribution of the projection functio
and pressure.

layer is doubled, that is, the boundary layer occupies twice as many grid spacings. Note that some irregularity of the
distribution of the intermediate rate of expansion begins setting when the time step exceeds a threshold, as shown in

Next, we examine and compare the distributions of the projection function and pressure. Fig. 3(a) shows horizonta
of φ (solid lines) andp (dotted lines) at the mid-planey/Ly = 0.5, and Fig. 3(b) shows vertical profile at the mid-pla
x/Lx = 0.5, near the steady state. The circles, squares, and diamonds correspond, respectively, to the 16× 8, 32× 16, and
64× 32 grid. In these and all subsequent graphs, the distributions ofφ andp have been shifted so that they take the refere
value of zero at the cavity mid-pointx/Lx = 0.5, y/Ly = 0.5, and then reduced by the inertial scaleρU2. The results confirm
that, as the spatial discretization is refined, the distributions ofφ andp converge to a common limit, although the rate
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Fig. 6. Flow in a cavity driven by a translating rigid lid. (a) Local Cartesian coordinates and associated plane polar coordinates(r, θ) used to
derive the local Stokes flow solution near the upper left corner. (b) Distribution of the vorticity over the lid for flow in a cavity with de
length ratio 0.5, computed using the stream function/vorticity formulation on a 128×64 grid atRe = 1; the dashed line represents the theoret
predictions expressed by the second equation in (4.4). (c) and (d) Stream function contour plots for (c)Re = 1, and (d) 100.

convergence of the mildly varying vertical profile is slow especially near the stretching lid. Now, if the lid translated p
to itself with uniform velocityU on a top of a slender cavity, a nearly unidirectional flow along thex axis with be establishe
with a pressure gradient dp/dx = 6µU/L2

y that ensures the vanishing of the streamwise flow rate. This elementary pred
represented by the dashed line in Fig. 3(a), is in surprisingly good agreement with the results of the numerical com
Fig. 3(c) and (d) shows three-dimensional graphs of the projection function and pressure over the domain of flow c
with the finest discretization, demonstrating an overall good agreement.

Next, we examine the behavior in the presence of significant fluid inertia. Fig. 4 illustrates the distribution of the inter
rate of expansion near the steady state forRe = 100 and 500, computed on the 64× 32 grid with the time step adjusted so th
δ/�x = 1. Comparing these distributions to that shown in Fig. 2(b) forRe = 1, we observe that, in addition to the bounda
layers, significant intermediate compressibility develops throughout the domain of flow due to the inhomogeneous ter
right-hand side of (2.11).

Fig. 5(a) shows the horizontal profiles ofφ (solid lines) andp (dotted lines) at the mid-planey/Ly = 0.5, and Fig. 5(b)
shows the corresponding vertical profiles at the mid-planex/Lx = 0.5, near the steady state forRe = 100. The circles, square
diamonds, and crosses correspond, respectively, to computations performed on a 16× 8, 32× 16, 64× 32, and 128× 64 grid.
In all cases, the time step has been adjusted so thatδ/�x = 1. Comparison of the graphs shown in Fig. 5(a) with those sh
in Fig. 3(a) forRe = 1 shows that, as the Reynolds number is raised, the pressure distribution becomes unsymme
respect to the vertical mid-plane. The dashed lines in Fig. 5(b) trace the vertical profile of the projection function c
according to (2.23) withγ = 1/2. For clarity, the profiles for the 16× 8 and 32× 16 grids are duplicated in Fig. 5(c). Althoug
for the reasons discussed in Section 3 the adjustment is incomplete, the results show that the corrected distribution
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Fig. 7. Steady flow in a rectangular cavity with uniform lid velocity distribution atRe = 1 (left column) and 100 (right column). (a) Velocit
vector field, (b) intermediate rate of expansion, (c) and (d) three-dimensional and contour plots of the projection function.

faster with respect to the level of discretization, and thereby improves the approximation to the pressure. Fig. 5(c
displays the distribution of the projection function and pressure over the domain of flow computed with the finest 128× 64 grid,
demonstrating a good overall agreement.

Next, we consider flow in a cavity driven by a rigid lid that translates parallel to itself with uniform velocityU . Viscous
stresses dominate the force balance near the upper two corners where the boundary velocity is discontinuous at any
number. After transient start-up effects have disappeared, the local flow near the corners resembles Stokes flow in
plane bounded two semi-infinite orthogonally intersecting planes in relative motion. To describe the local flow, we in
plane polar coordinates(r, θ) as illustrated in Fig. 6(a), and carry out a local analysis to find that, to leading order, the
stream function is given by [15]

ψ(r, θ)� 4

π2 − 4
UrΦ(θ), (4.1)

where

Φ(θ)≡
(
π

2
− θ

)
sinθ − π

2
θ cosθ. (4.2)

The corresponding pressure field is given by

p(r, θ)� − 8µ

π2 − 4

U

r

[
Φ′′′(θ)+Φ′(θ)

]= − 8µ

π2 − 4

U

r

(
π

2
cosθ + sinθ

)
. (4.3)
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Fig. 7. (Continued.)

Expression (4.3) shows that the pressure exhibits a non-integrable singularity along the translating lid corresponding toθ = π/2,
as well as along the left wall corresponding toθ = 0. The wall vorticity exhibits a similar non-integrable singularity,

ω(r, θ = 0)= − 8

π2 − 4

U

r
, ω

(
r, θ = π

2

)
= − 4π

π2 − 4

U

r
. (4.4)

Locally near the corners, both pressure and vorticity are harmonic functions behaving like Green’s function dipoles.
Previous authors have used the stream function/vorticity formulation to compute thesteady flow by finite-difference

methods. The numerical procedure involves making an initial guess for the vorticity field, solving a Poisson equation
stream function subject to the homogeneous Dirichlet no-penetration boundary condition, and then solving a Poisson
for the vorticity subject to a Dirichlet boundary condition that arises by simplifying the definition of the vorticity usin
no-slip velocity boundary condition. The process is repeated until the computed vorticity field coincides with that or
assumed within a specified tolerance.

As a preliminary to discussing the performance of the projection method, we investigate the ability of the
function/vorticity formulation to capture the singular behavior at the corners. A standard numerical method was imple
for this purpose involving second-order spatial differences for all derivatives involved in the governing equations and b
conditions. The FORTRAN codes are available from the internet site http://stokes.ucsd.edu/pozrikidis/FDLIB/11_fdm/cvt
integrated graphics code that performs interactive animation on X11 systems based on thevogle library is available from the
internet site http://stokes.ucsd.edu/pozrikidis/CFDLAB/11_fdm/cvt_sv. Fig. 6(c) and (d) shows stream function conto
for flow in a cavity with aspect ratioLy/Lx = 0.5, computed on a 128× 64 uniform grid forRe = 1 and 100. The solid line
in Fig. 6(b) show the vorticity distribution along the lid forRe = 1 (thin line) andRe = 100 (heavy line). The dashed lin
represents the theoretical predictions expressed by the second equation in (4.4). The results reveal that the numerica
remarkably efficient in capturing the boundary singularity almost all the way up to the corner.
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Fig. 8. Flow in a square cavity: (a) Velocity vector field, and distribution of the projection function obtained by the first (b) and sec
implementation of the numerical method at Reynolds numberRe = 100 (left) and 400 (right), computed on a 48× 48 grid.

Turning now to the projection method, we observe that, because of the velocity discontinuity at the upper two
the intermediate rate of expansion exhibits a singular behavior. Fig. 7(a) shows velocity vector field near the steady
Re = 1 (left) and 100 (right), and Fig. 7(b) shows the corresponding distributions of the intermediate rate of expansion
computations were carried out using the first implementation of the numerical method discussed in Section 3 on a 64× 32 grid,
where the Poisson equation is enforced at the interior and boundary nodes, and the time step is adjusted so thatδ/�x = 1.
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Fig. 9. Flow in a square cavity: (a) horizontal, and (b) vertical profiles of the projection function (solid lines) and pressure (dashed line
first (thin lines) and second (thick lines) implementation.

Similar results were obtained with the second implementation. The results suggest that the singular behavior of th
expansion at the upper two corners does not have a catastrophic effect on its overall distribution far from the corners.

Fig. 7(c) and (d) shows three-dimensional and contour plots of the projection function, which was confirmed to c
as the grid size is refined. In contrast, extensive numerical experimentation revealed that obtaining an accurate solu
Poisson equation for the pressure using the first or second implementation of the numerical method discussed in S
frustrated by the strong 1/r corner singularity and the even stronger 1/r2 singularity of its normal derivative, evident from th
local solution (4.3). In particular, we found that the computed pressure field is notably sensitive to the grid size and m
implementing the inhomogeneous Neumann boundary condition.

Similar behavior was observed for cavities with different aspect ratios. For example, Fig. 8(a) displays the nearl
velocity vector field for flow in a square cavity at Reynolds numberRe = 100 (left) and 400 (right), computed on a 48×48 grid,
and Fig. 8(b) and (c) displays three-dimensional graphs of the projection function computed with (b) the first, and (c
implementation of the numerical method. In spite of the strong corner singularities, the general features of the distrib
consistently produced by both approaches. To convey a quantitative assessment of the performance of the numerica
in Fig. 9 we present mid-plane (a) horizontal, and (b) vertical profiles of the projection function (solid lines) and p
(dashed lines) for grid size 24× 24 (circles) and 48× 48 (squares). The thin lines correspond to the first implementation
the thick lines correspond to the second implementation. The irregular behavior of the pressure field is particularly e
the horizontal profiles shown in (a).

5. Discussion

The numerical results presented in this paper suggest that the solution of the Poisson equation for the projection
using finite-difference methods on non-staggered grids subject to the homogeneous Neumann boundary condition
even in the presence of boundary singularities. In contrast, when the boundary velocity is discontinuous, the numerica
of the pressure is frustrated by the singular behavior of the normal derivative.

Several previous authors computed the pressure field of flow in a cavity driven by a translating rigid lid on non-st
grids. Burggraf [26] generated the pressure field of the steady flow by integrating in space the equation of motion
velocity field has been computed using the stream function/vorticity formulation, thereby circumventing the numerical
of the pressure Poisson equation. Ghia et al. [27,28] used a finite-difference method similar to that implemented in th
work, and reported that an alternative implementation that does not enforce the pressure Poisson equation at the boun
but at an unspecified interior boundary is more satisfactory. It is not clear from their discussion how the time derivativ∂u/∂t
involved in the pressure Neumann boundary condition at the interior boundary is evaluated. If this term is set equa
then the method is exact only in the case of steady flow. The pressure contour plots presented by Ghia et al for stead
similar to those for the projection function displayed in Fig. 8 of this paper.

Abdallah, Mansour and Hamed [29–31] developed consistent finite difference methods on non-staggered Cart
curvilinear grids, where the satisfaction of the solvability condition for the pressure Poisson equation is embedde
discretization. In this formulation, the Neumann boundary condition is effectively applied mid-way between the bound
adjacent grid plane, and the time derivative of the velocity is set equal to zero. Babu and Korpela [32] pointed out th
permissible only in the case of steady flow. We have modified the second implementation of the numerical method dis
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Section 3 to enforce the Neumann boundary condition at the mid-point, using central differences to approximate all derivatives
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involved in the projected equation of motion for steady flow. Although this modification improved somewhat the agr
between the projection function and the pressure, significance discrepancies ad slow convergence still persisted in t
flow induced by a translating rigid lid.

Other authors have published pressure fields of the rigid-lid driven-cavity flow using finite difference methods on st
grids that account for the Neumann boundary condition implicitly through the reflected velocity boundary condition [
finite-volume methods [34], and finite-element methods [35]. The success of these methods must be attributed, in part,
that the compatibility condition condition for the Poisson equation is automatically satisfied. In particular, in the finite-
and finite-element methods, the corner singularities are masked by the area or volume integration inherent in the finit
or Galerkin projection.
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