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Abstract

The relationship between the pressprand the projection functiopp employed in the numerical computation of viscous
incompressible flow using the fractional-step method is discussed. To leading order, the differergtés proportional to
the divergence of the intermediate velocity§, computed by integrating the equation of motion in the absence of the pressure
gradient. Previous authors have shown that the intermediate rate of expatisioly, - u* is supported by numerical boundary-
layers of thickness ~ (vAt)Y/2, where At is the time step and is the kinematic viscosity. We demonstrate that, in the
absence of singularities due to discontinuous boundary velocity, the magnitadechfinges by an amount of ordeacross
the boundary layers and of higher order in the bulk of the flow, and argue that adding a computable correction to the projection
function allows us to recover the pressure with temporal accuracy whose order matches that of the method used for carrying
out the convection—diffusion step. When the boundary velocity is discontinuous, the normal derivative of the pressure exhibits
strong singularities, and the computation of the pressure using finite-difference methods on non-staggered grids is notably
sensitive to the numerical implementation. In contrast, in spite of the singular behavior of the intermediate rate of expansion,
the solution of the Poisson equation for the projection function subject to the homogeneous Neumann boundary condition is
less sensitive to the numerical method. Computing the projection function thus emerges as a preferred venue of approximating
the pressure on non-staggered grids even under demanding conditions.
O 2003 Editions scientifiques et médicales Elsevier SAS. All rights reserved.
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1. Introduction

The equation of motion for a viscous incompressible fluid states that the velocity at a particular point in a flow changes
by four contributions: the nonlinear inertial acceleration force, the pressure force, the viscous force, and the body force. In the
fractional-step method, selected groups of these terms are decoupled and considered to act in a sequential fashion over repeated
small periods of elapsed time. Chorin’s projection method is based on the idea that the change due to the pressure gradient
may be implemented in terms of an instantaneous projection whose role is to receive the velocity field delivered by all other
contributions, and remove the non-solenoidal component in a way that is consistent with the boundary conditions [1,2]. In
practice, the projection step for a fluid with uniform density is carried out by decomposing the intermediate velocity at the end
of the convection—diffusion and body-force steps into an irrotational and a solenoidal component, and identifying the latter with
the physical velocity evaluated at the new time level. Thus, the projection step preserves the vorticity of the intermediate flow,
which is consistent with the absence of baroclinic production of vorticity. In the numerical implementation, the irrotational
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component is set equal to the gradient of a projection funatighat is related, but is not identical, to the hydrodynamic
pressurep.

Numerous variations of the projection method have been developed in the past three decades in the form of (a) pressure-
correction or pressure-update methods where the velocity is advanced by the gradient of an approximate extrapolated pressure
and the projection step makes a correction, and (b) pure projection methods where the pressure field is abandoned altogether
in favor of the projection function, as discussed in the previous paragraph (e.g., [3-9]). However, Chorin’s concept of an
instantaneous projection into the space of solenoidal vector functions is a key idea in all implementations. Despite the
voluminous relevant literature, the relation between the projection function and the physical pressure has received only scant
attention and remains controversial and unclear (e.g., [10,3,11-14]).

In comparing the projection function with the pressure, we observe that the former satisfies boundary conditions that are
determined by the choice of boundary conditions for the intermediate velocity at the end of the convection—diffusion and body-
force steps (e.g., [4,5]), whereas the pressure satisfies unambiguous boundary conditions arising by projecting the equation of
motion normal to the boundaries and simplifying the resulting expressions using the specified physical boundary conditions
(e.g., [15]). In particular, pure projection methods typically require that the intermediate velocity satisfies the non-penetration
boundary condition; accordingly, the projection function obeys the homogeneous Neumann boundary condition. Although the
difference between the Neumann boundary conditions satisfied by the projection function and the pressure is typically of order
unity, the difference of the functions themselvgs; ¢, evaluated at appropriate time levels, is proportional to the divergence of
the intermediate velocity, which changes by an amount of ardefvAr)Y/2 across numerical boundary layers of comparable
thickness [16,17,13]. The existence of intermediate numerical boundary layers for the rate of expansion was first pointed out
by Orszag et al. [18] in the context of the pressure Poisson equation. In Section 2 of this paper, we shall show that, far from
the boundaries, the differenge— ¢ decays to zero in the case of unforced Stokes flow, and is of first or second owier in
under more general conditions. Consequently, in the limihasends to zero, the projection function tends to the pressure in
the vicinity, as well as far from the boundaries.

Several authors have expressed the opinion that, because of the splitting of the convection—diffusion and projection steps,
projection methods are inherently first-order accurate in time for the pressure, although they can readily be designed to
be second-order accurate for the velocity. For example, a second-order method for the velocity arises by carrying out the
convection—diffusion step using a second-order method that involves Adams—Bashforth and Crank—Nicolson discretization,
respectively, for the convective and diffusive contributions. Lee et al. [19] review a class of second-order methods for the
velocity developed in the framework of block factorization. Recently, it was pointed out that the accuracy of the pressure can be
improved by settingg = ¢ — x, wherep and¢ are evaluated at appropriate time levels, and the leading-order contribution to
the computable correction,, is proportional to the intermediate rate of expansion [14]. In particular, if the numerical method
used to carry out the convection—diffusion step is of second-order in the time step, then adding the computable correction yields
the pressure with a commensurate second-order accuracy. In this paper, we shall enhance and complete this argument, and shall
further point out that failure to satisfy the continuity equation to machine accuracy may introduce an unaccountable source of
error.

The preceding discussion applies only when the pressure field is nonsingular throughout the domain of flow and over the
boundaries. Consider the classical problem of flow in a cavity driven by the translation of a rigid lid. An analysis of the flow near
the corners where the velocity is discontinuous reveals that the pressure and its normal derivative exhibit strong singularities. In
the extreme case of Stokes flow, the pressure Poisson equation reduces to Laplace’s equation, and the solution is forced by two
point-source dipoles located at the singular points. In Section 4, we shall present numerical results to demonstrate that, in spite of
the corner singularities, the projection function is computed reliably using standard finite-difference methods on non-staggered
grids. In contrast, the computation of the pressure using finite-difference methods on non-staggered grids is notably sensitive to
the numerical implementation. This significant difference in performance places the projection function in a superior position
and advocates its usage as a convenient venue for approximating the pressure even under demanding conditions.

2. Analysisof a pure projection method

Consider the unsteady flow of an incompressible Newtonian fluid with uniform density and viscosity in a domain that is
bounded exclusively by surfaces where the no-penetration and no-slip boundary conditions are required. The motion of the
fluid is governed by the Navier—Stokes equation

au
p¥=pN—Vp+w2u+pf, (2.1)

and the continuity equation
V.u=0, (2.2)



C. Pozrikidis / European Journal of Mechanics B/Fluids 22 (2003) 105-121 107

where isp is the fluid densityu is the fluid viscosityu is the velocity,p is the pressur®l = —u - Vu the nonlinear part of the
fluid particle acceleration, anfdis the acceleration due to a distributed force field such as gravity (e.g., [15]). The system of
governing equations (2.1) and (2.2) must be accompanied by: (a) an initial condition that specifies the velocity at the interior of
the flow denoted by2 and along the boundarids, u(x, t = 0) = ug, and (b) a boundary condition that specifies the boundary
distribution of the velocity at all times(x, 1) = ug (X, t), wherex lies onI".

To develop the projection method, we regard the equation of motion (2.1) as an evolution equation for the velocity, and
split the operator on the right-hand side into a convection—diffusion component incorporating the body force, and a companion
projection component (e.g., [20]). In their pure forms, the constituent equations are

ou
P = pN + uV2u + of, (2.3)
and
ou

Eqg. (2.3) receives the velocity field at tim&, and advances it over a time interval to the intermediate distribution™.
Subsequently, Eqg. (2.4) receives the intermediate velocity field and advances it over the same time period to the final value
untl, thereby completing the execution of a step. Because itis not clear that the projection fyristemual to the pressuge
it has been denoted by a different symbol. The key idea of the projection method¢sshatild be computed so that the final
velocity fieldu+1 is solenoidal, as required by the continuity equation (2.2).

To carry out the first step according to (2.3), we require boundary conditions for the intermediate velocity. A consistent set
of boundary conditions include the Dirichlet boundary condition for the normal and tangential components of the velocity

u*-n:u’;;rl-n,
1 "+ At

u*.t=<u’g+1+— / V¢dt)~t, (2.5)
o)

tVl
wheren andt are unit vectors normal and tangent to the boundaryCorrespondingly, the projection function satisfies the
homogeneous Neumann condition
t"+ At
n- / V¢ dr =0. (2.6)

m

Straightforward substitution demonstrates that (2.5) and (2.6) ensure the required boundary cdhﬁ’rtiaru’é*l at the end
of a complete step. In expressions (2.5) and (2.6), the projection function is regarded as a continuous function of time over the
interval where Eq. (2.4) applies. In numerical practice, the continuous evolution is replaced by an instantaneous projection.

Evolution equations for the rate of expansioes V - u arise by taking the divergence of (2.3) and (2.4), finding

9
pa_‘i‘zpv.(N+f)+w2a, (2.7)
and
801 2
5 =-V%. (2.8)

The component equation (2.7) receives the presumed vanishing rate of expansion at the tirfiedekehdvances it over the
time interval Ar to the intermediate distributics®. The projection component equation (2.8) then receieand advances it
over the same time interval to the final distributiefit®, which is required to vanish throughout the domain of flow and over
the boundaries.

2.1. Time-discretized equations

The temporal discretization of Egs. (2.3) and (2.7) according to the generalized Crank—Nicolson method yields the semi-
discrete forms
u* —u”

At

0 =p(N+H)"T 4 u[(1- YV + yvzu*] (2.9)
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and
a* — ot
At

P =p[V.(N+f)]n+y -l—/L[(l—y)Vza" +)/V2a*], (2.10)
where the numerical parametgrvaries in(0, 1]. The term(N +f)" 17 is assumed to be available with(®") accuracy in
terms of theextrapolated or interpolated velocity of thephysical flow and body force evaluated at timé+ y At, wherem = 2
for a second-order method.

Rearranging (2.10), we derive an inhomogeneous Helmholtz equation for the intermediate rate of expansion,

o* —yvArV2a* = Af[V - (N+6)]"T + R, (2.11)

wherev = 11/ p is the kinematic viscosity, ang} = o 4-(1— y)vAtVZa". In the temporal semi-discrete formulation presently
considered,R+ vanishes throughout the domain of flow and along the boundaries. In a full time-space discretization,
vanishes to machine accuracy only for a certain class of craftily designed numerical methods [21].

Turning now to the projection step, we replace (2.4) and (2.8) with the time discretized equations

un+1 —u*

and
ot g*
= —v2pntl, (2.13)
Solving (2.13) fora™®, we obtain
A
o ="t 4 Bly2gntt (2.14)
0

Requiring thatx*1 = 0, we derive a Poisson equation gtt1,

2,n+1 P x
\Y = 2.15
¢ o (2.15)
which is to be solved subject to the homogeneous Neumann conditigig”t1 =0 originating from (2.6).
Substituting now the right-hand side of (2.14) &gt in (2.11) and rearranging, we find
V2(¢"+ — yvArv2e L) = p[V- (N+ D] - é(k’ffl —RY). (2.16)

The residualR” 1 = o +1 — yvAtVZ(x"H‘ vanishes precisely in the space-continuous formulation presently considered, and
approximately in a discrete spatial implementation.

2.2. Relationship between the projection function and the pressure

To deduce the relation between the projection function and the pressure, we take the divergence of the equation of
motion (2.1) and enforce the incompressibility condition (2.2) to derive the pressure Poisson equation. Applying this equation
at timet" 17, we obtain

V2Pt = p[V-(N+ O], (2.17)

where the subscripf denotes the exact value. Subtracting (2.16) from (2.17) and rearranging, we find

V2(p"TY — "y v AV 4 o[V (N D] — [V N+ D] ]
1 n

n+
— P (R R = p<u

_ _ 2 n 2 n+l
AL A v[(l y)Vea" + y Ve ]) (2.18)

By definition, the expression enclosed by the square brackets on the left-hand side 2 #f)O

In the space-continuous formulatiom” = 0 anda”t1 =0, the right-hand side of (2.18) vanishes, and the expression
enclosed by the first set of parentheses on the left-hand side of (2.18) is a harmonic function(4p’t9, @enoted byy.
Rearranging, we find

P =" AV L+ O(AF™) = "L — y et 4 x 4+ O(Ar™). (2.19)
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Neumann boundary conditions fgrarise by projecting the gradient of (2.19) normal to the boundaries of the flow. Using the
equation of motion (2.1) and the homogeneous Neumann boundary conditipfifbrwe find

n+y
n.-Vy=n- [_p<a:_f> + N+ 4 (V)T + yvAtV(V2¢"+1)i| +0o(ar™m). (2.20)

Next, we substitute the approximation
(VAUtY) = (L — ) V2" + y VAUt L o(ar) (2.21)

into the right-hand side of (2.20), whekrés the temporal order of the physical velocity. Using (2.9) and the Laplacian of (2.12)
to eliminate the Laplacian of the velocity, we finally find

u* — aug\"* v

n-Vy=pn- [ - (—B> +o(ar) + O(At’”)]. (2.22)
At ot

In view of the first of the boundary conditions (2.5), the right-hand side of (2.22) vanishes up to/atfler A¢!, and the

harmonic functiory is constant within this precision. Eq. (2.19) then yields

P =9 —yvarv2entl L o(ar) + 0(ar™) = ¢" L — ypa* 4+ O(Ar') + O(Ar™). (2.23)

In the case of the Crank—Nicolson discretization corresponding=al/2 and! = 2, and an interpolation or extrapolation
method for the nonlinear term correspondingrte= 2, we obtain

1 1
pits =gt EvAtV2¢"+l +0O(Ar%) =" 1 - > pa* 4+ 0(Ar2), (2.24)

in agreement with the results of previous authors [14,10].
Relation (2.23) can be inferred directly by using (2.12) to eliminate the intermediate velocity from (2.9), obtaining

n+1 n
p% = p(N+ 6" = V(" — ypa®) + [ — y) V2" + y V2t (2.25)
Comparing this expression with the equation of motion discretized according to the generalized Crank—Nicolson method, shows
that second order temporal accuracy for the velocity is achieved yhef/2, the pressure is evaluated according to (2.24), and
the nonlinear term is evaluated with second order accuracy by extrapolation or interpolation [14,10]. The preceding derivation
based on the Poisson equation, however, ensures that the replacing the continuity equation with Poisson’s equations (2.15)
and (2.17) preserves the equivalence.

2.3. Boundary layers of the intermediate rate of expansion

Consider the case of unsteady Stokes flow occurring in the absence of a distributed body force. In the space-continuous
formulation, (2.11) reduces to the homogeneous equation

o — yvAtV23a* =0. (2.26)

Balancing the magnitude of the first two terms on the left-hand side, we find that the intermediate rate of expgaision
supported by boundary layers of thicknéss (y vAHY2 As y tends to zero yielding an explicit discretization, the thickness
of the boundary layer vanishes and the numerical method fails. According to (2.23), the normal derivatie thfe boundary
must be comparable to the normal derivative of the pressure, and this requires that, inside the boundafyitageqrders.
Correspondingly, the second term on the right-hand side of (2.23) makes a leading-order contribution dfilsitr the
boundary layer, and decays in an exponential fashion outside the boundary layer, in agreement with previous theoretical analysis
[17,3,13]. Under more general conditions of unsteady Navier—Stokes flow and in the presence of a distributed body force, the
right-hand side of (2.11) is significant throughout the domain of flow,cghis of orderAr in the interior of the flow and varies
by an amount of ordenr1/2 across the boundary layers.

In the fully-discrete time-space implementation, the right-hand side of (2.18) does not generally vanish to machine accuracy,
and is of orderAr x 4™, where the exponemt depends on the spatial discretization. Accordingly, the right-hand sides of (2.23)
and (2.24) are enhanced with corrections that may lower the nominal order of the numerical method.
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3. Numerical methods

To confirm the theoretical predictions and investigate the significance of boundary singularities, we consider two-
dimensional flow in a rectangular cavity of sizg x Ly, as illustrated in Fig. 1, subject to a prescribed tangential lid velocity,

uyd (e, ) = UF (g, 3.1)

whereU is the maximum lid velocity, G x < Ly, and 0< y < L. The dimensionless functions(s) andg(x) determine,
respectively, the temporal behavior and spatial distribution of the lid velocity. The Reynolds number is defRaed @4 . /v.

Two types of motion are considered: flow due to impulsive lid translation correspondifi¢f xe= H(¢), where H (¢) is
the Heaviside step function, and flow due to ramped lid translation correspondifi@)te- 1 — exp(—tv/(rLi)), wheret
is a dimensionless time constant expressing the duration of the start-up period; in the numerical simulations,=w@.5et
Three choices for the dimensionless functigfx) are considered: the constant functigtx) = 1, the sinusoidal function
glx) = %[1 — cog2xx)], and the quadratic functiogi(x) = 1682(1 — £)2, wherez = x/Ly. The third choice was employed
by several previous authors [22,6,23]. The sinusoidal and quadratic functions prevent a velocity discontinuity from occurring at
the upper corners of the cavity, and thereby allow for well-behaving numerical solutions.

The equation of motion was integrated in time using a finite-difference method implemented on a uniform non-staggered
grid of sizeN, x Ny. In the fractional-step implementation, the convection—diffusion component equation (2.3) is split further
into a convection—diffusion equation for thedirection and a convection—diffusion equation for thdirection (e.qg., [24]),

du du d2u au au 32u
P(E-i-uxa):liﬁ, P(E-Hly@):liﬁ- (3.2)
Al spatial derivatives are approximated with second-order central differences with spaciagL, /N, andAy = Ly /Ny,
and time advancement is carried out by the fully-implicit Crank—Nicolson method, where the convection velocity multiplying
the spatial derivatives on the left-hand sides of (3.2) is set equal to the solenoidal field at the beginning of the current step.
The decomposition (3.2) is motivated by the fact that carrying out the individaaid y convection—diffusion steps requires
solving systems of tridiagonal equations, which can be done efficiently using the Thomas algorithm. The projection step was
implemented as shown in (2.12), and the projection function was computed by solving the Poisson equation (2.15).

Boundary conditions for the intermediate velocity include the no-penetration condition expressed by the first of Egs. (2.5),
and the slip condition

A
ut ot = (u’};l + —tv¢"+1> -t (3.3)
P

Because the second term on the right-hand side of (3.3) is not available during the convection—diffusion steps, it is approximated
with the value at the previous step, and the approximation is improved by repeating the convection—diffusion steps after the
projection step has been completed. Previous authors have shown that only one iteration is necessary to satisfy the no-slip

0.31934 9.76562

s sesssssssssssesne S e esssssssessessnse s

Fig. 1. Instantaneous velocity vector field of flow in a rectangular cavity with ramped sinusoidal lid velocity distribution Rer={&), and
(b) 100, computed on a 32 16 grid. The label above each frame is the dimensionless#tim&'t/L, since the beginning of the motion.
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boundary condition to second order in the time step [14]. Consistent with this result, we found only a few iterations are necessary
for the magnitude of the slip velocity normalized byto be reduced to IeP.

Now, because of the splitting of theand y convection—diffusion steps and the fact that the convection velocity as well as
the boundary velocity are held constant during each fractional step, the method is generally first-order acsuratevirever,
when the boundary velocity is time independent and the Reynolds number is sufficiently small so that the nonlinear inertial term
is negligible compared to the rest of the terms in the equation of motion, the method is of second order in time, corresponding
toy = 1/2. To see this, we consider the Crank—Nicolson discretized forms of (3.2),

1 82 T 1 9%u* 1 82
u — ZvAr =u" 4+ ZvAr——, u* — ZvAr =u + ZvAr—, 3.4
2" Y VA2 2" G U TR (24)
where a prime denotes the first intermediate velocity. Eliminating the first intermediate velocity yields
1 2 1 2 1 2 84(U* — Un)
u* — SvArvVAUt =U" 4+ SvAVAU + S (WA ——— 3.5

We note that the last fraction on the right-hand side is of ortlerand recognize (3.5) as the approximate Crank—Nicolson
factorization of (2.3) with the nonlinear inertia and body force term absent.

The Poisson equation for the projection function, Eq. (2.15), subject to the homogeneous Neumann boundary condition
n - v¢'tl = 0 originating from (2.6) was solved by Gauss—Seidel or SOR iterations implemented in two ways. In the first
implementation, the Poisson equation is enforced at all interior and boundary finite-difference nodes, and phantom nodes
are introduced to discretize the Neumann boundary condition using centered differences. The boundary distribution of the
intermediate rate of expansion is computed by second-order one-sided differences. In the second implementation, the Poisson
equation is enforced only at the interior nodes, and the Neumann boundary condition is implemented by one-sided second-
order differences. In this case, the boundary distribution of the intermediate rate of expahssonot required. The second
version of the numerical method fails to capture with adequate resolution numerical boundary layers for the intermediate rate
of expansion, and is somewhat inferior to the first choice, especially in the case of impulsively started motion.

The Gauss—Seidel and SOR iterations converge only when the solvability condition for the discrete Poisson—Neumann
problem originating from the compatibility condition is fulfilled [25]. To ensure the satisfaction of this condition, the value
of the projection function at the grid point located in the middle of the cavity is reset to the reference value of zero after a
complete update. Doing this effectively adds a small homogeneous term to the source of the Poisson equation, thus balancing
the boundary integrated outward flux.

The pressure Poisson equation subject to the Neumann boundary condition,

n~Vp=;m~V2u, (3.6)

was solved by similar methods. In particular, the left-hand side was approximated with central differences in the first
implementation, and with second-order one-sided differences in the second implementation. Several methods of evaluating
the right-hand side of (3.6) in terms of the discrete instantaneous velocity were implemented. Using the continuity equation, we
derive the following finite-difference approximation at the lid grid points,

ap 2uy,  Au [ 1 3 <8ux> ]
- = -~ ——|vy— -v3— - Ayl — ) 3.7
ay " 9y Ay2 278" 71 Y ox Jyr, 3.7

wherevo = uy(x, Ly — Ay) andvg = uy(x, Ly — 2Ay). In the case of arigid lid that translates with uniform velocity, the last
term on the right-hand sides of (3.7) is absent. Alternative expressions based on first- and second-order backward difference
approximations are

ap

ap
dy

m
~ ——(—2vp + v3),
oy AyZ( 2+ v3)

wherevg = uy (x, Ly —3Ay). Similar expressions can be derived for the left, right, and bottom wall. Numerical experimentation
has shown that the computed pressure field is sensitive to the implementation of the pressure Neumann boundary condition,
especially at low Reynolds numbers where the pressure field is nearly harmonic. Best agreement between the computed pressure
and the projection function was achieved with the finite-difference formula (3.7). All results presented in the next section were
obtained using this choice.

The FORTRAN codes are available from the internet site http://stokes.ucsd.edu/pozrikidis/FDLIB/11_fdm/cvt_pm. A inte-
grated graphics code that performs interactive animation on X11 systems basedaghetibrary is available from the internet
site http://stokes.ucsd.edu/pozrikidis/CFDLAB/11_fdm/cvt_pm.

~ ALyZ(_sz +4vz — vg), (3.8)
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4, Numerical results

As a benchmark, we consider flow in a rectangular cavity with depth to lengthrgfi, = 0.50, subject to sinusoidal
lid velocity distribution and ramped up motion, as discussed in Section 3. Fig. 1 shows the nearly steady instantaneous velocity
vector field at Reynolds numbd&e = 1 and 100, computed on a 3216 grid. The simulations were conducted using the
first implementation of the numerical method discussed in Section 3, where Poisson’s equation for the projection function is
enforced at the interior as well as boundary nodes.

Our first goal is to confirm that the intermediate rate of expanaidbrexhibits the boundary-layer behavior discussed in
Section 2. Fig. 2(a) shows the distributionadf nondimensionalized by /L, over the moving lid folRe= 1 near the steady
state, computed with: (i) grid siz&, = 16, N, = 8, and dimensionless time stey’ = 0.00390625 (circles), (i, = 32,
Ny = 16, A7 = 0.000976562 (squares), and (iiljx = 64, Ny = 32, A7 = 0.00024414 (diamonds). The most accurate
computation with the finest grid up to dimensionless tfree0.50 requires 8 hours of CPU time on an INTEL 1.8 GHz processor
running Linux. The results reveal that, as the time step is reduced by a factor of 4, the amplitude of the boundary distribution
of a* decreases by a factor of 2, in agreement with the theoretical predictions. In all three cases displayed in Fig. 2(a), the time
step was selected so that the ratio of the numerical boundary-layer thickness to the grid spﬁa(dng:is(vAt)l/z/Ax =1.0.
Consequently, the boundary layer is expected to extend roughly over one grid point away from each side. Fig. 2(b) shows a

2 — — ;

Div(u*)

1 0.1 0.2

X v x y

(© (d)

Fig. 2. Flow in a rectangular cavity with sinusoidal lid velocity distributiorRet= 1. (a) Distribution of the intermediate rate of expansion
along the lid computed on a 268 (circles), 32< 16 (squares), and 64 32 (diamonds) grid, with the time step adjusted so that the boundary
layer thickness is equal to one grid spacing. (b) Distribution of the intermediate rate of expansion over the domain flow computed«@2the 64
grid, showing the boundary-layer behavior. (c) and (d) Same as (b), except that the time step is, respectively, 4 and 16 times as large.
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Fig. 3. Steady flow in a rectangular cavity with a sinusoidal lid velocity distributioReat 1. Distribution of the projection function (solid
lines), and pressure (dotted lines) at the (a) horizontal, and (b) vertical mid-plane. The circles, squares, and diamonds correspond, respectively
to 16x 8, 32x 16, and 64x 32 grid. (c) and (d) Distribution of the projection function and pressure.
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Fig. 4. Distribution of the intermediate rate of expansion near the steady state for flow in a rectangular cavity with sinusoidal lid velocity
distribution at (a)Re= 100, and (b) 500.

three-dimensional graph of the distribution of the intermediate rate of expansion over the domain of flow computed on the
64 x 32 grid, confirming this theoretical prediction. Further support for the theoretical scaling is provided in the graphs shown
in Fig. 2(c) and (d), which duplicate the graph shown in Fig. 2(b) except that the time step is, respectively, 4 and 16 times as
large. As the time step is increased by a factor of 4 while the grid size is kept constant, the thickness of the numerical boundary
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Fig. 5. Steady flow in a rectangular cavity with a sinusoidal lid velocity distributioReat 1. Distribution of the projection function (solid

lines), and pressure (dotted lines) at the (a) horizontal, and (b) and (c) vertical mid-plane. The circles, squares, diamonds, and crosgks correspon
respectively, to computations performed on ax18, 32x 16, 64x 32, and 128« 64 grid. (d) and (e) Distribution of the projection function

and pressure.

layer is doubled, that is, the boundary layer occupies twice as many grid spacings. Note that some irregularity of the boundary

distribution of the intermediate rate of expansion begins setting when the time step exceeds a threshold, as shown in Fig. 2(d).
Next, we examine and compare the distributions of the projection function and pressure. Fig. 3(a) shows horizontal profiles

of ¢ (solid lines) andp (dotted lines) at the mid-plang/L, = 0.5, and Fig. 3(b) shows vertical profile at the mid-plane

x/Ly = 0.5, near the steady state. The circles, squares, and diamonds correspond, respectively, to8h82% 16, and

64 x 32 grid. In these and all subsequent graphs, the distributiopsanid p have been shifted so that they take the reference

value of zero at the cavity mid-point/L, = 0.5, y/L, = 0.5, and then reduced by the inertial scalé?. The results confirm

that, as the spatial discretization is refined, the distributiong ahd p converge to a common limit, although the rate of
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Fig. 6. Flow in a cavity driven by a translating rigid lid. (a) Local Cartesian coordinates and associated plane polar cogrdihaised to
derive the local Stokes flow solution near the upper left corner. (b) Distribution of the vorticity over the lid for flow in a cavity with depth to
length ratio 0.5, computed using the stream function/vorticity formulation on & $28yrid atRe = 1; the dashed line represents the theoretical
predictions expressed by the second equation in (4.4). (c) and (d) Stream function contour plotRdest {c)and (d) 100.

convergence of the mildly varying vertical profile is slow especially near the stretching lid. Now, if the lid translated parallel
to itself with uniform velocityU on a top of a slender cavity, a nearly unidirectional flow alongileis with be established
with a pressure gradienipddx = GMU/L§ that ensures the vanishing of the streamwise flow rate. This elementary prediction,
represented by the dashed line in Fig. 3(a), is in surprisingly good agreement with the results of the numerical computation.
Fig. 3(c) and (d) shows three-dimensional graphs of the projection function and pressure over the domain of flow computed
with the finest discretization, demonstrating an overall good agreement.

Next, we examine the behavior in the presence of significant fluid inertia. Fig. 4 illustrates the distribution of the intermediate
rate of expansion near the steady statedRee 100 and 500, computed on the &2 grid with the time step adjusted so that
3/Ax = 1. Comparing these distributions to that shown in Fig. 2(b)Hee= 1, we observe that, in addition to the boundary
layers, significant intermediate compressibility develops throughout the domain of flow due to the inhomogeneous term on the
right-hand side of (2.11).

Fig. 5(a) shows the horizontal profiles ¢f(solid lines) andp (dotted lines) at the mid-plang/L, = 0.5, and Fig. 5(b)
shows the corresponding vertical profiles at the mid-plafie, = 0.5, near the steady state fee= 100. The circles, squares,
diamonds, and crosses correspond, respectively, to computations performed gr8a3®Bx 16, 64x 32, and 128« 64 grid.
In all cases, the time step has been adjusted sdfltat = 1. Comparison of the graphs shown in Fig. 5(a) with those shown
in Fig. 3(a) forRe =1 shows that, as the Reynolds number is raised, the pressure distribution becomes unsymmetric with
respect to the vertical mid-plane. The dashed lines in Fig. 5(b) trace the vertical profile of the projection function corrected
according to (2.23) witly = 1/2. For clarity, the profiles for the 1% 8 and 32x 16 grids are duplicated in Fig. 5(c). Although
for the reasons discussed in Section 3 the adjustment is incomplete, the results show that the corrected distribution converges
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Fig. 7. Steady flow in a rectangular cavity with uniform lid velocity distributiorRat= 1 (left column) and 100 (right column). (a) Velocity
vector field, (b) intermediate rate of expansion, (c) and (d) three-dimensional and contour plots of the projection function.

faster with respect to the level of discretization, and thereby improves the approximation to the pressure. Fig. 5(c) and (d)
displays the distribution of the projection function and pressure over the domain of flow computed with the fine6d1g&,
demonstrating a good overall agreement.

Next, we consider flow in a cavity driven by a rigid lid that translates parallel to itself with uniform veldcityiscous
stresses dominate the force balance near the upper two corners where the boundary velocity is discontinuous at any Reynolds
number. After transient start-up effects have disappeared, the local flow near the corners resembles Stokes flow in a quarter-
plane bounded two semi-infinite orthogonally intersecting planes in relative motion. To describe the local flow, we introduce
plane polar coordinateg, ) as illustrated in Fig. 6(a), and carry out a local analysis to find that, to leading order, the local
stream function is given by [15]

v(r,0) ~ Urd @), (4.1)

n2-4

where
®6) = (% - 9) sing — %9 cosd. 4.2)

The corresponding pressure field is given by

8
p(r,@):— 2
T

8
_4%[¢”’(9>+¢’(9)] =—,,zli4%<% COSQJFSine)' 7
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Fig. 7. (Continued.)

Expression (4.3) shows that the pressure exhibits a non-integrable singularity along the translating lid corresp@eding?to
as well as along the left wall correspondinggte= 0. The wall vorticity exhibits a similar non-integrable singularity,

8 U T A U
=0 =— = f==)=—-——. 4.4
w(r, )= w(n 2) =4 (4.4)

Locally near the corners, both pressure and vorticity are harmonic functions behaving like Green'’s function dipoles.

Previous authors have used the stream function/vorticity formulation to computstetiy flow by finite-difference
methods. The numerical procedure involves making an initial guess for the vorticity field, solving a Poisson equation for the
stream function subject to the homogeneous Dirichlet no-penetration boundary condition, and then solving a Poisson equation
for the vorticity subject to a Dirichlet boundary condition that arises by simplifying the definition of the vorticity using the
no-slip velocity boundary condition. The process is repeated until the computed vorticity field coincides with that originally
assumed within a specified tolerance.

As a preliminary to discussing the performance of the projection method, we investigate the ability of the stream
function/vorticity formulation to capture the singular behavior at the corners. A standard numerical method was implemented
for this purpose involving second-order spatial differences for all derivatives involved in the governing equations and boundary
conditions. The BRTRAN codes are available from the internet site http://stokes.ucsd.edu/pozrikidis/FDLIB/11_fdm/cvt_sv. A
integrated graphics code that performs interactive animation on X11 systems based/agidtibrary is available from the
internet site http://stokes.ucsd.edu/pozrikidis/CFDLAB/11_fdm/cvt_sv. Fig. 6(c) and (d) shows stream function contour plots
for flow in a cavity with aspect ratid., /Ly = 0.5, computed on a 128 64 uniform grid forRe= 1 and 100. The solid lines
in Fig. 6(b) show the vorticity distribution along the lid f&te = 1 (thin line) andRe = 100 (heavy line). The dashed line
represents the theoretical predictions expressed by the second equation in (4.4). The results reveal that the numerical method is
remarkably efficient in capturing the boundary singularity almost all the way up to the corner.
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Fig. 8. Flow in a square cavity: (a) Velocity vector field, and distribution of the projection function obtained by the first (b) and second (c)
implementation of the numerical method at Reynolds nurfeet 100 (left) and 400 (right), computed on a 4818 grid.

Turning now to the projection method, we observe that, because of the velocity discontinuity at the upper two corners,
the intermediate rate of expansion exhibits a singular behavior. Fig. 7(a) shows velocity vector field near the steady state for
Re =1 (left) and 100 (right), and Fig. 7(b) shows the corresponding distributions of the intermediate rate of expansion. These
computations were carried out using the firstimplementation of the numerical method discussed in Section 2 82 gitd,
where the Poisson equation is enforced at the interior and boundary nodes, and the time step is adjustéd/so that



C. Pozrikidis / European Journal of Mechanics B/Fluids 22 (2003) 105-121 119

0.2 T T T !

081

e
I

0.6

Projection function / Pressure

N J
P8 0a g0 p0a B0E B0E BIAEUERT e ]
o0 T 04 -
pt-an a .
b o-0-0-0° .;rﬂn 7 3 |
= %
0.1 2a = | © -
0.2 2
:EEH?EBE i IS
L o B
02 P Y N N 9 o B
] 0.2 0.4 0.6 0.8 1 -0.06 -0.04 -0.02 0 0.02 0.04
x/L Projection function / Pressure

(@) (b)

Fig. 9. Flow in a square cavity: (a) horizontal, and (b) vertical profiles of the projection function (solid lines) and pressure (dashed lines) for the
first (thin lines) and second (thick lines) implementation.

Similar results were obtained with the second implementation. The results suggest that the singular behavior of the rate of
expansion at the upper two corners does not have a catastrophic effect on its overall distribution far from the corners.

Fig. 7(c) and (d) shows three-dimensional and contour plots of the projection function, which was confirmed to converge
as the grid size is refined. In contrast, extensive numerical experimentation revealed that obtaining an accurate solution of the
Poisson equation for the pressure using the first or second implementation of the numerical method discussed in Section 3 is
frustrated by the strong/t corner singularity and the even strong¢r?L singularity of its normal derivative, evident from the
local solution (4.3). In particular, we found that the computed pressure field is notably sensitive to the grid size and method of
implementing the inhomogeneous Neumann boundary condition.

Similar behavior was observed for cavities with different aspect ratios. For example, Fig. 8(a) displays the nearly steady
velocity vector field for flow in a square cavity at Reynolds nunmRes= 100 (left) and 400 (right), computed on a 488 grid,
and Fig. 8(b) and (c) displays three-dimensional graphs of the projection function computed with (b) the first, and (c) second
implementation of the numerical method. In spite of the strong corner singularities, the general features of the distribution are
consistently produced by both approaches. To convey a quantitative assessment of the performance of the numerical methods,
in Fig. 9 we present mid-plane (a) horizontal, and (b) vertical profiles of the projection function (solid lines) and pressure
(dashed lines) for grid size 24 24 (circles) and 4& 48 (squares). The thin lines correspond to the first implementation, and
the thick lines correspond to the second implementation. The irregular behavior of the pressure field is particularly evident in
the horizontal profiles shown in (a).

5. Discussion

The numerical results presented in this paper suggest that the solution of the Poisson equation for the projection function
using finite-difference methods on non-staggered grids subject to the homogeneous Neumann boundary condition is reliable
even in the presence of boundary singularities. In contrast, when the boundary velocity is discontinuous, the numerical solution
of the pressure is frustrated by the singular behavior of the normal derivative.

Several previous authors computed the pressure field of flow in a cavity driven by a translating rigid lid on non-staggered
grids. Burggraf [26] generated the pressure field of the steady flow by integrating in space the equation of motion after the
velocity field has been computed using the stream function/vorticity formulation, thereby circumventing the numerical solution
of the pressure Poisson equation. Ghia et al. [27,28] used a finite-difference method similar to that implemented in the present
work, and reported that an alternative implementation that does not enforce the pressure Poisson equation at the boundary nodes
but at an unspecified interior boundary is more satisfactory. It is not clear from their discussion how the time dériyative
involved in the pressure Neumann boundary condition at the interior boundary is evaluated. If this term is set equal to zero,
then the method is exact only in the case of steady flow. The pressure contour plots presented by Ghia et al for steady flow are
similar to those for the projection function displayed in Fig. 8 of this paper.

Abdallah, Mansour and Hamed [29-31] developed consistent finite difference methods on non-staggered Cartesian and
curvilinear grids, where the satisfaction of the solvability condition for the pressure Poisson equation is embedded in the
discretization. In this formulation, the Neumann boundary condition is effectively applied mid-way between the boundary and
adjacent grid plane, and the time derivative of the velocity is set equal to zero. Babu and Korpela [32] pointed out that this is
permissible only in the case of steady flow. We have modified the second implementation of the numerical method discussed in
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Section 3 to enforce the Neumann boundary condition at the mid-point, using central differences to approximate all derivatives
involved in the projected equation of motion for steady flow. Although this modification improved somewhat the agreement
between the projection function and the pressure, significance discrepancies ad slow convergence still persisted in the case of
flow induced by a translating rigid lid.

Other authors have published pressure fields of the rigid-lid driven-cavity flow using finite difference methods on staggered
grids that account for the Neumann boundary condition implicitly through the reflected velocity boundary condition [33,31],
finite-volume methods [34], and finite-element methods [35]. The success of these methods must be attributed, in part, to the fact
that the compatibility condition condition for the Poisson equation is automatically satisfied. In particular, in the finite-volume
and finite-element methods, the corner singularities are masked by the area or volume integration inherent in the finite-volume
or Galerkin projection.
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